Gaussian Technologies Department of Mathematics

Vector Integral Calculus
Directional Derivative and the Del Operator

Wwe’ll follow up the previous lesson by deriving an equation which connects
the directional derivative and the del operator.

While the definition of the directional derivative may suggest that it is hard
to calculuate, it turns out that it can be expressed quite elegantly.

Previously, we concluded with an expression of @ as
P(x,y,2) = Q(xo + Auy, Yy + Auy, 2o + Auy)

The graphical illustration of (x,y,z) can be seen from the previous
diagram or replicated below.

(X, ¥,2) = (x, + Auy, x, + Auy,x, + Auy) 7
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We are concern with the rate of change of ¢ as we travel along unit vector
u. So, using process of differentiation, we find the derivative of
O(x,v,2) = @(x, + Au,, y, + Au,, z, + Au,) with respect to A, evaluated

at A=0. Thus
d
D o(P)= E[q)(xo + Au,,y, + Au,, z, + ’1”3)]‘,120

Now, using the partial differentiation version of chain rule, we have
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E[(P(Xo + Auy, v, + Auy, 2, + Z'u3)]‘,1=o
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 Ox 82. dy 8/1 0z oA

00 0 Jdp 0 Jdp 0
afa/l(x0+/"tu)+a—(pa—/l( ) + a(pal(z0+lu3)
0 0 0

af +8_§[/)u2+8_(zpu3

For the rate of change of ¢ at point PO, we are left to evaluate these
partial derivatives at A =0 or (x,y,2) = (X,,Y,,Z,) then

w, + 22

0z

Us
A=0

0
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Can you spot the grad ¢ hidden somewhere there. First recall that

0p, Jdp ., J
Vo= Kk,
v 8xl+ 8yJ+8Z

a vector and that
u=ui+u,jt+uk

also a vector. The dot product of these two vectors gives us the above
expression, namely

D,o(F)=Vo(F)u

And that my friends, is how the directional derivative is related to the
gradient of (@ through the del operator. Lovely expression isn’t it?

Remember that the vector U needs to be a unit vector. This can be easily
solved by letting u=V/||V|| if traveling to F, with a vector v whose
magnitude is not unit.
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